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SUMMARY 
Formulas are presented expressing the major long period per- 
turbations by the earth in the eccentricity and argument of perigee 
of small  eccentricity satellites; the formulas include terms which 
involve ui / J2 ) 3, where Ji  is any odd zonal harmonic coefficient in 
the earth 's  gravitational potential. The perturbation expressions 
a r e  then used to analyze the satellites Alouette 1 and Tiros 8. 
iii 
ON THE LONG PERIOD PERTURBATIONS IN THE MOTION O F  
SMALL ECCENTRICITY SATELLITES 
INTRODUCTION 
Artificial earth satellites with small eccentricities (- 10 - 3, pose interesting 
problems for those involved in orbit determination. The maindifficulty lies in the 
presence of eccentricity to some positive integral power in the denominators of 
trigonometric se r ies  representing perturbations in the orbital elements of satel- 
lites. These "small divisors" magnify the effects of the perturbations, and make 
necessary the inclusion of "higher-order" terms in order to obtain accurate 
orbit determination. 
The discussion here will be limited to long-periodic effects on the eccentric- 
ity and argument of perigee caused by the odd zonal harmonics in the earth 's  
gravitational potential. It is difficult to speak of the maximum "order" of the 
effects to be considered because of the presence of the small  divisors - suffice 
it to say that terms involving up to ( Ji / J2 )3 , where Ji  is any odd zonal harmonic, 
will be included in the analysis. 
Formulas for the perturbations in eccentricity and argument of perigee will 
be derived by two different methods - first, by a solution to Delaunay's Equations 
of Type I1 which appear in the expansion of his lunar theory, and then by the von 
Zeipel method. The two solutions, insofar a s  odd zonal harmonics a r e  concerned, 
will be shown to be equivalent; the perturbation formulas will then be applied to 
the satellites Alouette 1 and Tiros 8. 
A list of symbols appears in Appendix A. 
DELAUNAY'S EQUATIONS OF TYPE II 
Neglecting all terms multiplied by eccentricity to at least the f i rs t  power, 
Delaunay's Equations of Type 11 a r e  (see Reference 1) 
de - = id sin e 
d t  
de  M 
d t  e 
-=  N $--cos e ,  
1 
where e is the eccentricity. With 0 = g + 77/2, these equations applied to a 
close artificial satellite of the earth have 
(7 - 114 cos2 io t 395 cos4 io) 35: N = -  J 2  (1 - 5 cos2 io) t 
4 a i  5 64a: 6 
(3 - 36 cos2 io  t 49  COS^ i o )  t 9 15 5 4  - 
32 a i  Go 
3 J 3  s in  io  15 Js sin io 
8a4, 4 32a t  I/;;;; M =  (1 - 5 cos2 io) t (1 - 14 cos2  io t 21 cos4 io) 
105 J, sin io 
1024a: 5 t (5 - 135 cos2  io  t 495 cos4 io - 429 cos6 io) 
315 J9 sin io 
4096ah0 6 (7  - 308 cos2  io  t 2002 cos4 io - 4004 cos6  io + 2431 cos8 i o )  t 
3465J,, sin io  
131072 ah2 $ 
t (21 - 1365cos2io  t13650 cos4io-46410cos6io 
t 62985 cos8 io  - 29393 cos1' io) t - - - , (3) 
where a. and io  a re  mean values of the semi-major axis and inclination, re- 
spectively. For illustrative purposes) only the even zonal harmonics through 
J, and the odd harmonics through J,, will be considered here;  however, Equa- 
tions (2) and (3) may include - al l  the zonal harmonics. 
2 
With Q = M / N ,  solutions to Equations (1) of the form 
e = el  t QP, c o s  8 t Q2P2 c o s  2 3 t Q3P3 cos 3 8 t - - 
t Q3 a, s i n 3  8 + - * * ,  (4) 
where 8 is a linear function of time, are given in Reference 1. Modification of 
the soh  +ions such that e l  appears as the  eccentricity constant results in 
= 8 t Q al sin e t  Q2 a2 s in2  




a =  
2 -  
1 p2 = - -  
4 e l  
; 1  P, = - - .  
8 e: 
(Again, t e rms  having eccentricity as a multiplier have been neglected). 
Thus, Equations (4) become 
3 
VON ZEIPEL METHOD 
Brouwer (Reference 2) and Kozai (Reference 3) have applied the von Zeipel 
method to obtain solutions up to certain orders  of J2. However, if one is con- 
cerned only with long-period terms in which eccentricity does not appear as a 
multiplier, the determining functions may be expressed in te rms  of Q and hence 
may involve any of the zonal harmonics. U s i n g  the notation of Brouwer and Kozai, 
those portions of the determining functions S: , Sf, and Sf to be considered here  
a r e  
AS; 2- m sin 2 g' 
4 (7) 
- C Q 3  
24 e"  
AS; 2-(3 cos g' t cos 3g'), 
for which the a,, and io in 0 have been replaced by a" and 
Then, 
i " ,  respectively. 
Expansion by means of Taylor's series to obtain all t e rms  through order  Q 3  
yields, for Equation (sa), 
4 
where 
a(AS;> Q -z-- cos  g' a G" e" 
In addition, 
c o s  g o  2 c o s  g" t- c o s  g" 2 cos  g" -- Q sin 2 g". 1 eQ 1 2 e" 
Then, Equation (9) becomes 
(10) 11 Q Q2 Q3 g' = g + - c o s  g" -- sin 2 g" -- cos  3 g " .  
e" 2 elf* 3 eN3 
However, a long-period term involving J; appears in the expression for g 
after the transformation from osculating elements to primed elements is performed: 





R 2 R '  
9 Ji sin2 i ' ( 1  - 3 c o s 2  i ')  
' p " -  sin 2 g'.  
32 .I4 e r a  
9 Ji sin2 i" (1 - 3 c o s 2  i")  - a(f 2 -  sin 2 g"' a G"! 16 ell4 a n 4  
9Ji sin2 i"  (1 - 3 c o s 2  i ' " )  9 Ji sin2 i" (1 - 3 c o s 2  i")Q 
__ sin 2g" - c o s  3g". - 





11 Q 9 Ji sin2 i" (1 - 3 c o s 2  
g = g + - c o s  g" - [x 
e" 2 e"2 3 2  aN4 e 1 1 2  
sin 2 g" 
c o s  3g". (11) 
Returning to Equation (8b), Taylor's Series expansions give 
- 1  - 1 .  - + -  
which becomes 
= G" + AG'.  
Then, 
7 
3 a" Q e" ail Q eN3 (AG')' = - Q3 sin g" t Q3 sin 3g". 
4 4 
Since 
the result is 
Q2 Q3 e' = e" +- Q~ + (a - 2) s in  g" + - c o s  2 g" -  sin 3 g". 4 e'' 8e" 4e" 8eN2 
With 
?l 
o = g t -  
2 
io = i" 
a. = a", 
8 
Equations (11) and (14) become 
sin 2 8  1 9 J: sin2 io (1  - 3 c o s 2  io) 32 a: e: 
95: sin2 io (1 - 3 c o s 2  io) 
which agree with the results obtained in the Delaunay solution (Equations ( 6 ) ) ,  in- 
sofar  as te rms  involving only Q are concerned. Equations (15) will be used in 
the study of Alouette 1 and Tiros 8. 
ANALYSIS OF ALOUETTE 1 AND TIROS 8 
Values of e'' and g" for  the two satellites, as determined by the use of the 
formulas in Reference 2 ,  were first corrected for lunar and solar effects by the 
perturbation formulas appearing in Reference 4. These corrected values, labeled 
e: and g: , appear in Tables 1, 2 ,  3,  and 4 in Appendix B. The appearance of three 
near-resonant te rms  in the luni-solar perturbations for Alouette 1 posed a minor 
problem; however, they were found to not affect the eccentricity inasmuch as the 
argument of perigee did not appear in any of the arguments. Furthermore, since 
the periods of the three arguments were on the order of 50,000, 100,000, and 
100,000 days, the effects on g were assumed to be manifested as a constant per- 
turbation over the time inverval studied, and were therefore considered unim- 
portant to the analysis. 
The e: and gz values were then fit, by means of least squares, to the fol- 
lowing models : 
- 
e: = eo t A ,  C O S  S t A, C O S  2 e t - - - t A, C O S  9 8  
- 
g: = go t i: (t  - to) t B, sin.8 t B, sin 23 t - - t B, sin 9 8 ,  
9 
where 
Values for 8 were computed from Equation (2), using Kozai's (see Reference 5) 
determinations of J, and J4, and the following values for a0 and io :  
Alouette 1 Tiros  8 
a. = 1.1589 earth radii a0 = 1.1140 earth radii 
i = 580.500 
0 i 0 = 80:466 
J = - 1.649 X l o e 6  4 J, = 1082.645 X 
The results were: 
Alouette 1 
- 
0 = 109?13743 - (2:5649585/day) ( t  - t o )  
e: = 
- 
.0025163652 - .0001492876 cos B - .0001336935 cos 2 3 - .0000097969 cos 3e 
- .0000264826 cos 4 8  t .0000007387 cos 5s - .0000042243 cos 6 8  
- .0000082012 cos 7 8  - .0000070067 cos 8 3  - .0000001323 cos 9 8  
g z  = 17:74620 - (2?5618750/day) ( t  - t o )  t 4?2076854 s i n s  t 4q6340045 s i n  2 8  
t 0:1873826sin38 t 097003276 s i n  4 8 -  090066516 s i n  5B 
t 0?1206393sin68 t 0?0102137 sin 7 8  t 090387951 s i n  88 - 8.0680971 s i n  9 8  
Tiros 8 
- 




e: = .0034394605 - .0004525939 cos 8 - .0001389608 cos 2 s 
- .0000164065 cos 38 - .0000155041 cos 48 - .0000064148 cos 58 
- .0000043222 cos 68 - .0000027052 cos 78 - .0000029382 cos 88 
t .0000069836 cos 98 
g: = 125:65579 t (lq241269Vday) (t - to) t 890967578 sin 3 
t 395255978 sin 2 8  t 095354116 sin 33 t Oq4133096 sin 48 
t 091799011 sin 5 8  t 091123452 sin 68 t 0:1127257 sin 78 
t 091213947 sin 8 8  t 090427651 sin 98 
Values of 
eo  t A, COS 3 t A, c o d  t - - t A, cos 98, 
g," - [go t i , " ( t - t o ) 1 ,  
and 
B, sin 8 t ~5 sin 28 t - * t B, sin 98 
fo r  the two satellites a r e  also listed in the tables in Appendix B. The graphs 
in Appendix C show the closeness of the fits. 
In order to compare the least squares results with Equations (15), corrections 
must be applied to the observed amplitudes of the sin 3 and cos 3 terms,  in 
view of the fact  that J, and J, (to the first power) have been accounted for in 
the cnm-ptatinr? nf e" afid 6''. Thc ygches .crs& -&-zi"e 
J3 = - 2.285 x loe6, J, = - 0.232 x 
Using these numbers, the values previously given for a o ,  io, J, , and J4, the 
eccentricity constants in the least squares results,  and Equations (15), one finds 
that the following te rms  must beaddedto the ser ies  determined by least squares: 
11 
Alouette 1 Tiros 8 
Ae; = -.9626 x l o e 3  cos e 
Ag: = 21O.920 sin 3 
Aei = -1,0993 X 
Agi = 18O.312 sin 'B 
COS 3 
Therefore, the following ser ies  are the ones to be compared with the trigonometric 
terms in Equations (15): 
Alouette 1 
A e: = - .0011119 cos 'e - .00013369 cos 28 - .0000097969 cos 3-6 
h g: 0.45602 s i n  'e t 0.080879 s i n  2-8 t 0.0032704 s i n  38 ( r ad ians )  (16) 
Tiros 8 
Ae: = - .0015519 cos 8 - .00013896 cos 28 - .000016406 cos 33 
A g i  = 0.46092 s in  e t 0.061533 s i n  2-8 t 0.0093447 s i n  38 ( rad ians)  (17) 
Examination of Equations (15) shows that values for Q and e may be com- 
puted from the observed amplitudes of the s i n  3 and cos 'e terms, Le., 
Alouette 1 
3 Q - t -!- = 0.45602- Q = 0.43539 el 
4e; 
3 
Q - % = 0.0011119, Q = 0.43539el =-el = 0.0026158, Q = 0.0011389 
8 e: 
Tiros  8 
12  
3 
Q - -!- = 0.0015519, Q = 0.43967 el - el = 0.0036170, Q = 0.0015903 
8ei  
Using these values of el and Q, predicted amplitudes for  the 2 3 and 3 3 
terms can be computed (referring to Equations (15)): 
Alouette 1 
- 2 
cos 2 5 : - -?- = - 0.00012397 (observed: - 0.00013369) 
4 el 
- 3 
cos 3 B : - Q = - O.OOO026987 (observed: - 0.0000097969) 
8< 
42 
2e: 32a: e: 
9 Ji s in2  io (1 - 3  cos2 io )  
s i n  2 8 :  - + = 0.118625 (observed: 0.080879) 
Q3 
3e i  16a: e: 
9 Ji s in2  io (1 - 3 cos2 io) 
s i n 3 8 :  - +  Q = 0.048273 (observed: 0.0032704) 
Tiros 8 
cos 2 3 :  - - -  Q2 - - 0.00017480 (observed: - 0.00013896) 
4el 
3 
cos 3e: - = - 0.000038428 (observed: - 0.000016406) 
0 - 2  
42 
2e: 32 a: e: 
9 Ji sin2 io (1 - 3  cos2 io) 
s i n 2 8 :  - +. = 0.098809 (observed: 0.061533) 
43 
3": 16 a: e; 
9 Ji s i n 2  io (1 - 3  cos2 4) 
s i n 3 8 :  - + Q = 0.030225 (observed: 0.0093447) 
13 
For the most par t ,  these predicted amplitudes a r e  of the same order of magni- 
tude as the observed ones - scatter in the data probably prevents better agreement. 
From Equations (2) and (3), one finds that 
Alouette 1: Q =  - (393.76 J, t 268.41 J, t 114.96 J, - 0.82035 J 9  - 70.080 JIl) 
Tiros 8: Q=-(355.56J3t1233.2 J , t 6 3 8 . 4 2 J 7 - 4 3 4 . 5 8 J 9 - 7 7 1 . 9 7 J l , ) .  
Using the eccentricity constants from the least squares results,  the relation 
and Kozai's (Reference 5) values for  the zonal harmonics: 
J 3  = - 2.546 x lo-', J, = -0.210 x lo-', J, = -0.333 x 
J, = -0.053 x lo-', J l l  = 0.302 x 
one obtains 
Alouette 1: Q = 0.0011183, e l  = 0.0026406 
Tires 8: Q = 0.0015869, el = 0.0036225 
These numbers a r e  in quite good agreement with those derived from the data; if 
harmonics beyond J 1 ,  had been used, the theoretical values of Q would have been 
even closer to the observed values. 
It is interesting to note that the eccentricity constant el used here is essen- 
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a = semi-major axis of satellite's orbit 
e = eccentricity of satellite's orbit 
i = inclination of satellite's orbital plane to earth's 
equatorial plane 
g = argument of perigee of satellite 
L',  G ' ,  H ' ,  L", G",  H", g' ,  g" = Delaunay variables, used in von Zeipel method 
p = product of gravitational constant with the mass 
of the earth 
a. = semi-major axis constant 
eo, el  = eccentricity constants 
16 
io = inclination constant 
go = argument of perigee constant 
e: = e'' , less luni-solar gravitational perturbations 
g," = g" , l ess  luni-solar gravitational perturbations 
t - t o  = time elapsed since initial epoch 
- 
0 = constant + B (t - to  ) 2 g" +n /2 
e = mean motion of 3 = mean motion of g" - 
ii = mean motion of gz 
J,, J,, J,, J5, J,, J9, J,, = zonal harmonic coefficients in earth's gravitational 
potential 
ST, s;, S ;  = long-period determining functions, used in von 
Zeipel method 




TABLE 1. Eccentricity of Alouette 1 






































e: x IO* 
.2 6 144376 
.25871777 
.25607286 
,2444 93 95 
.2 3 7 3 59 04 
.2 2 244 87 6 
.22755925 
.24002016 
.2607 105 5 
.2 6551042 




.2 602 54 62 




.24 02 06 82 
.21334 84‘1 
.22432010 











.2 56 857 7 5 
.25121652 
.25179609 
n 1 #sn_n-n 
.L*YOSV YD 














.2 5431 97 7 









.23 6 8507 3 
.24391138 
.2 5540 848 
.2 6 12 941 5 
.26360335 
.26376418 
. 2 m 3  860 









TABLE 1. Eccentricity of Alouette 1 (Continued) 


























489.7 04 86 
496.7 04 86 
503.704 86 
51 0.7 04 86 
51 7.7 04 86 
524.70486 
53 1.7 04 86 
538.70486 
54 5.7 04 86 
552.7 04 86 





















.24 0195 15 
.22 589934 
.2 1591 834 
.22 06 8942 









.25 124 586 
.25 564 045 
.2GO(il170 
.2(i295045 
.2 G 0 9 5 1 3 1 
.242 6 544 5 
.2324 1403 
.22003809 





















.24 5951 38 
.2567 89 84 
.26157692 











TABLE 1. Eccentricity of Alouette 1 (Continued) 
I ~ ~~~ 1 1 . 7 0 4 8 6  1 ~ .25934972 I .26 134 336 
57 8.7 04 86 
5 84.7 04 86 
591.7 04 86 
59 8.7 04 86 
605.7 04 86 
61  2.7 04 86 
61  9.7 04 86 
626.7 04 86 
633.70486 
640.7 04 86 
647.7 04 8 6 
654.7 04 86 
66 1.7 04 86 
66 7.7 04 86 
6 74.7 04 86 
68 1.7 04 86 
6 8 8.7 04 8 6 
695.70486 
7 02.7 04 86 
709.7 04 8 6 
71  6.7 04 86 
72 3.7 04 86 




7 5 8.7 04 86 
765.7 04 86 
7 7 2, .7 04 86 
77 9.7 0486 
786.7 0489 
794.704 86 










































.23 5622 05 
.22314570 







.2 6 5247 60 
.25999302 
.25445 8 84 
.25119352 
.2 5 54 8 03 8 
.26182112 
.26613031 


















2 1  
TABLE 1. Eccentricity of Alouette 1 (Continued) 
t - t o  (days) 
83 6.7 04 86 
843.7 04 8 6 
850.70486 
857.7 04 86 
884.704 86 
89 1.7 04 86 
89 8.7 04 86 
905.7 04 86 
91 1.7 04 86 
9 1 8.7 04 8 6 
92 5.7 04 8 6 
93 2.7 04 86 
94 0.7 04 86 
954.7 04 8 6 
96 1.7 04 86 
975.70486 
9 82.7 04 8 6 
996.7 04 86 
el x 1 0 2  
.2 60 84 080 




























.2 6 627 094 






eo = .0025163652 
A, = - .0000097969 
A, = - .OOOQ042243 
A, = - .0000001323 
A ,  = -.oooi492a76 A, =-.0001336935 
A, = -.0000264a26 A, = .oooooo73a7 
o = io901 3743 - (2'3649sas/day) (t - to) 
A, = -.00000a2012 A, = - .0000070067 
- 











































































Argument of Perigee of Alouette 1 
gz - [go + $  (t - to) ]  (deg.) B, sin ne(deg.) 
I 
1.56480 





-4.7 3 92 2 
-6.43709 


































-4.62 68 8 
-7.30885 
-6.27662 
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TABLE 2. Argument of Perigee of Alouette 1 (Continued) 



































































-22 5.881 14 
-243.7 5366 
-262.58594 














































































TABLE 2. Argument of Perigee of Alouette 1 (Continued) 





5 84.7 04 86 
591.7 0486 





















744.7 04 86 
751.70486 
7 5 8.7 0486 









- 3 92.7 5477 
-4 10.97344 
-434.2 187 9 
-4 5 5.3 5 5 3 3 



























































-3.642 7 0 
-2.72262 
1.20102 
f: Bn sin nw(deg.) 









-5.8 56 0 1 
-7.540 58 


























TABLE 2. Argument of Perigee of Alouette 1 (Continued) 
t - t o  (days) 
8 04.7 04 86 
808.7 04 86 
822.7 04 86 









9 11.704 86 
9 18.7 04 86 
92 5.7 04 86 
932.70486 
94 0.704 86 
954.7 04 86 













































go - 1097.74620 g: = - 2?5618750/do~ B, = 402076854 
B, = 81 873826 B, = 0?003276 B, = 000066516 
B, -000102137 B, ~610387951 B, = -8.0680971 
- 
(1 = 109013743 - (205649585/day) (t - to) 
2 Bn sin n e  (deg.) 











-7.3 93 06 
-7.37985 
-6.38134 








B, = 4Y6340045 
B, I: Oq1206393 
26 
I 
TABLE 3. Eccentricity of Tiros  8 








































e: x l o 2  
.37 506 96 1 




















.3 06 9 17 54 















- - A -  A,.-- 
. J O V I V Y I  I 
.36883817 
/ 9 \ 







































~ I ? l O O l  cn 
. r ) U I V V I U V  
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TABLE 3. Eccentricity of Tiros 8 (Continued) 







































e: x 1 0 2  













.3 3 043465 
.32312787 










.33 04 96 3 5 
.34 1 0  8 95 7 
.34 53 57 6 6 
.35227630 
.35844634 
.36343 81 1 











.37 6467 7 0 
.37550382 
,375 10934 
.3 7 3 96 844 
.370 52 801 
.36523473 
.35974035 
.3 543543 1 
.347 71 606 
.33912574 
.32984273 
.32 1361 50 





















.37 7 3 1041 
.37 647366 
28 
TABLE 3. Eccentricity of Tiros 8 (Continued) 
t - t o  (days) 
~~ 
547.58889 
























































.29 94 8474 


















.37 577 63 6 
.37 5 12 945 




































.37 633 58 8 
29 
TABLE 3. Eccentricity of Tiros 8 (Continued) 




























eo = ,0034394605 
A, = - .0000164065 
A 6 = - .0000043222 
A, = .0000069836 

















.34242 11 3 
.32710771 
.32017274 



















.37 2 6 0474 
















A ,  = -.0004525939 A, = -.oooi3896oa 
A, =-.ooo0027052 A, = -.00000293a2 
A, = - .0000155041 A, = -.0000064148 
- 
L' = 213061150 -t (1?2452865/day) (t - to) 
30 
~ 
TABLE 4. Argument of Perigee of Tiros 8 




















































































































































TABLE 4. Argument of Perigee of Tiros 8 (Continued) 




2 73.993 06 
280.99306 
287.99306 










3 64.993 OG 
378.99306 




42 1.993 06 
42 8.993 06 
435.58889 
442.58889 





















16 8.6401 1 







































-8.7 641 5 




























































t - to (days) 
















































50 0.92 154 
510.16508 
517.66721 

























































0 A C V I 7 A  
1 .vu I I -I 











-2.7 8 96 6 
-3.59222 
-4.81 970 
























t - t o  (days) 
TABLE 4. Argument of Perigee of Tiros 8 (Continued) 
771.58889 


























































go = -234q34421 4; = 1:2412695/doy B, = 8q0967578 B, = 305255978 
B, = Oy5354116 B 4  = 0041 33096 B, =001799011 B, roo1123452 - 
B, = 001 127257 B, =001213947 B, = 000427651 e = 213061 150 t (i02452865/ 
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